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Observation of Quantum Particles on
a Large Space-Time Scale
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A quantum particle observed on a sufficiently large space-time scale can be
described by means of classical particle trajectories. The joint distribution
for large-scale multiple-time position and momentum measurements on a
nonrelativistic quantum particle moving freely in R" is given by straight-line
trajectories with probabilities determined by the initial momentum-space wave-
function. For large-scale toroidal and rectangular regions the trajectories are
geodesics. In a uniform gravitational field the trajectories are parabolas. A quan-
tum counting process on [ree particles is also considered and shown to converge
in the large-space-time limit to a classical counting process for particles with
straight-line trajectories. If the quantum particle interacts weakly with its
environment, the classical particle trajectories may undergo random jumps. In
the random potential model considered here, the quantum particle evolves
according to a reversible unitary one-parameter group describing elastic scatter-
ing off static randomly distributed impurities (a quantum Lorentz gas). In the
large-space-time weak-coupling limit a classical stochastic process is obtained
with probability one and describes a classical particle moving with constant
speed in straight lines between random jumps in direction. The process depends
only on the ensemble value of the covariance of the random field and not on the
sample field. The probability density in phase space associated with the classical
stochastic process satisfies the linear Boltzmann equation for the classical
Lorentz gas, which, in the limit 4 — 0, goes over to the linear Landau equation.
Our study of the quantum Lorentz gas is based on a perturbative expansion
and, as in other studies of this system, the series can be controlled only for small
values of the rescaled time and for Gaussian random fields. The discussion of
classical particle trajectories for nonrelativistic particles on a macroscopic space-
time scale applies also to relativistic particles. The problem of the spatial
localization of a relativistic particle is avoided by observing the particle on a
sufficiently large space-time scale.
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1. INTRODUCTION

A limiting procedure applied to the mathematical model of a physical
system is useful in isolating the dominant behavior of the system in a given
regime of parameters describing the state of the system, its interactions,
and the method of observation. The infinite-volume limit is the appropriate
vehicle in studying the phase transitions of a large system in equilibrium.
Similarly, use of a large space and/or time scale combined with an
appropriate scaling of interactions can lead to hydrodynamic behavior of
a particle system, irreversible behavior of a reversible system, or classical
behavior of a quantum system. Limiting procedures can thus bridge the
gap between a general fundamental theory and the various special theories
which apply only in certain circumstances, and can lead to a deeper under-
standing of the fundamental theory in terms of the often intuitive and
better understood special theories.

Decoherence of quantum probability amplitudes can occur over large
space-time distances. On a large enough scale, the joint distribution of
multiple-time position and momentum measurements on a free quantum
particle is given by a classical probability distribution on straight-line
trajectories. On a large-scale manifold the free evolution should be described
by a mixture of geodesic trajectories. Computations are presented for tori
and flat rectangular regions. The experimental arrangement will determine
what constitutes a sufficiently large scale. For example, a laboratory inter-
ferometer exhibits quantum coherence for appropriate initial particle states
and would have to be rescaled for decoherence to set in. Put another
way, the large-space-time limit considered here rests on strong operator
convergence on the Hilbert space of wavefunctions in the case of the free
evolution, and weak operator convergence in the case of evolution in a
random potential. In contrast to norm convergence, this convergence is
nonuniform. This nonuniformity is perhaps best emphasized, as in ref 12,
by a quotation from Bell,'"’ which we paraphrase as follows:

While for any given wavefunction one can find a space-time
scaling for which the deviation from classical behavior is as
small as one likes, for any given space-time scaling one can find
a wavefunction for which it is as big as one does not like.

A quantum particle observed on a large scale and interacting sufficiently
weakly with its environment should be described by a mixture of classical
straight-line trajectories subjected to random influences, as may be seen in
certain circumstances in bubble chamber tracks. The model considered here
consists of a quantum particle scattering off static randomly distributed
impurities represented by a random putential. The particle evolves according
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to the reversible unitary one-parameter group e~ "“"# generated by
the Hamiltonian H = H,+ AV, where H,=2%/(2m), V=v(q), and 1 is a
coupling constant. Here £ is the momentum operator, g is the position
operator, and v(x) is the potential generated by the impurities. In the
ensemble describing the random distribution of impurities, v{x) is a random
field which will be supposed translation invariant: {(v(x,+a) - - vo(x,+a)> =
Co(xy)--o(x,)).

The behavior of a single quantum particle in a random potential in the
large-time weak-interaction limit (Van Hove limit) has been studied by
Martin and Emch,"'”’ Spohn,''®’ Dell’Antonio,'® and Ho et al.'® In this
limit the coupling constant 41— 0 and the rescaled time =A%t is intro-
duced. The spatial coordinates are not rescaled. Thus the system is
considered on a microscopic space scale and a macroscopic time scale.
Since the position of the particle moves off to infinity as 1 — cc, only the
momentum observable is studied. In contrast, in the present study the
space coordinates will also be rescaled so that the system is considered on
a macroscopic space and time scale. It will be shown that the joint distribu-
tion of the outcomes of successive position and momentum measurements
on the particle, containing the quantum disturbance of one measurement
on another as expressed by the noncommutativity of observables, con-
verges in the large-space-time, weak-coupling limit to the joint distribution
of a classical stochastic process describing a classical point particle moving
with constant speed in straight lines between random jumps in direction.

The large-time, weak-interaction limit for an infinitely extended Fermi
gas in a random potential is studied by Ho ef al."'*'® The local micro-
scopic quantum state of the gas is considered on a macroscopic time scale
and the irreversible semigroup describing the evolution of the quantum
state and yielding increase of entropy density is obtained. The system
behaves in this limit like an open system due to particles moving to and
from infinity as ¢ — oc. The situation is different in the present study, where
the gas is considered on a macroscopic spatial scale. We consider a number
N of particles and can consider the limit N — oo. The system has a finite
macroscopic density and corresponds to a low-density limit of the system
studied in ref. 12.

The perturbative method used here to study the random potential
model can be controlled, as in the other studies of the model, only for small
rescaled time t and Gaussian random fields.

Particle Tracks in Quantum Theory. The appearance of par-
ticle tracks, as in Wilson cloud chamber photographs, has been studied and
understood from the inception of the quantum theory. Heisenberg gives a
discussion in his book, The Physical Principles of the Quantum Theory,
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which appeared in 1930.2 Discussing the Wilson photographs, he states
(ref. 9§V.1), “It is always correct to apply the classical theory to such semi-
macroscopic phenomena, and the quantum theory is necessary only for the
explanation of the finer features.” The motion of wave packets in uniform
gravitational and magnetic fields was considered by Darwin in 1927.9

In these and many related studies the approximate motion of wave
packets is discussed. In contrast to this, in the present study it is shown
that the large-space-time limit provides a convenient mathematical tech-
nique for the derivation of precise particle trajectories for free quantum
particles, for quantum particles on manifolds, and for quantum particles
weakly interacting with a random environment.

1.1. Rescaling Space, Time, and Interaction Strength

A classical particle moving freely in R* moves on a straight-line trajec-
tory (1) =g+ (t/m)2P, q and 2 being the initial position and momentum,
respectively. With respect to the rescaled time t=41%, q(t)=q+ A~ %(t/m)?
and in the limit 2 —» 0 the particle moves off to infinity. Introducing a
rescaled position 2= A%g leads to 2(t)=A%q+ (t/m)# and in the limit
A—=0, 2(7) =(t/m)2. Furthermore, shifting the initial position of the par-
ticle by x,= X, /A2 gives in the limit 2(t) = X, + (t/m)#. The equations for
a quantum particle are the same: In the Heisenberg picture the position
operator of the particle at time ¢ is g(¢) =g+ (t/m) %, where ¢ and P are
the time-zero position and momentum operators, which do not commute.
Defining the rescaled time 7 and rescaled position 2 as above and shifting
the initial quantum state by X,/A* leads to 2(1)=A1%q+ X,+ (t/m)#,
which converges to 2(t) = X, + (t/m)Z. Notice that in the large-space-time
limit the quantum position operator g(t) goes over to X, + (t/m)%, which
is a function only of the momentum operator 2, and hence they mutually
commute at different 7 values. The joint distribution for large-scale position
and momentum measurements may then be represented by a classical
probability distribution for the initial position X, and the observable 2,
the particle moving on the classical trajectories X, + (t/m) 2.

Now consider a classical particle moving through an environment of
randomly distributed scatterers. The speed v, mean free path /, and mean
free time T are related by /=vT. Let p be the density of scatterers. If o is
the total cross section of a scatterer, then glp =1, so /=1/po, T=1/pvo. In
time ¢ there are N =1t/T collisions. The distance traveled between collisions
is / and supposing random directions of travel, the average square of the
total displacement is N/?=(t/T)I>=vt/po = Dt, where the diffusion con-

* Heisenberg’s treatment is the same as Mott's,!'®!
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stant D =yv/ps. Now suppose the interaction strength is measured by A.
Then the cross section will go like o = A’w and hence D =1"2v/pw. The
displacement is then (D¢t)'? = (v/ pw)V? 1! \/- 2= Yv/pw)? /T in terms
of the rescaled time 7 = A1. Rescaling spatial coordinates as above yields a
large-scale displacement of (v/pw)'/? \/; Thus the same large scaling of
space-time is appropriate for a free particle and a particle interacting
weakly with its environment. (This is important in a perturbative treatment
since the zeroth-order term is the free evolution.)

The scaling of space, time, and interaction strength plays an important
role in studies of the macroscopic properties of many physical systems.‘*®’

1.2. Multiple-Time Position Measurements on a
Quantum Particle

A measurement of the position of the particle at a particular time will
disturb the particle and affect subsequent measurements. Consequently the
joint distribution for the observed position of the particle at various times
will depend on the nature of the apparatus used in the measurements. (The
particle may even be absorbed by the apparatus, making subsequent
measurements on the particle impossible.) Ideally the detailed experimental
arrangement should be modelled'® ?%’ within the quantum theory, but the
framework of quantum measurement theory provides a convenient mathe-
matical formulation.”>'*’ The result of a measurement is described by an
“operation” on the states of the system. A standard prescription giving
the operation in the case of “ideal” measurements is the “wave packet
reduction formula” or “projection postulate.”'*’ In the case of position
measurements it takes the following form. Let ¢(¢) be the self-adjoint
operator corresponding to the position of the particle at time ¢, and let
denote the wave function of the particle. Given a region 4 < R*, the prob-
ability that the particle is found in 4 at time ¢ is (¥, x,(q(¢))y), where
x4(x)=11if xe 4 and =0 otherwise. [ The operator y,(q(1)) projects onto
the subspace of wavefunctions for which the particle is with certainty in 4
at time £.] Given that the particle is found in 4 at time 1, the subsequent
state of the particle is taken to be [y {(q(1)¢¥| ="' x,(q(1))p.> Consequently
the probability that the particle is found in 4’ at time ¢’ given that it was
found in 4 at time ¢ is

(X2 (@(OW, X5 (g(1")) X 4@ x4 (@) 2

3 We are considering an ideal coarse-grained measurement with coarse graining described by
cells such as 4, and not an ideal finer-grained measurement, which would lead to the same
probability that the particle is in 4, but for which a subsequent application of the projection
onto 4 would be inappropriate.
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Thus the joint probability that the particle is in 4 at time ¢ and in 4' at
time ¢’ is
(b, x4(q(0)) x4 (q(1") X 4(q()) )

and the state of the particle after the second position measurement is

lxa(q(t") NP1~ xa(g(t)) xalq())Y.

In this way we arrive at the following formula for the joint probability that
the particle is found in the region 4, at time ¢,, and then in 4, at time
t,,.., and then 4, at time ¢, where 1, <t, < .-« <iy:

P4, z,;...;AN,tN)
= (Y, xa0q(0) X4l q(22)) - X4y (qUE)) -+ X 4(q(12)) xa (@a DY) (1)
Notice that
Puldy, 1) 4y, tys Ay, 1)+ Py(A5, )5 4y, b5 Ay, ty)
#P(Ay, 155 .54y, 1y)

where 4¢ is the complement in R" of 4. This expresses the disturbance
of the position measurement at time ¢, on the subsequent position
measurements, and is a typical consequence of the noncommutativity
{complementarity) of observables in quantum theory. Consequently the
usual expression for joint position probabilities given by a classical
stochastic process will not reproduce the quantum joint distribution.
Nevertheless we shall show that in the large-space-time limit the quantum
joint distribution will converge to those of a classical stochastic process.

Actually a more general formulation within quantum measurement
theory than the above projection postulate for position measurements will
be necessary for the application to the weak-coupling limit in a random
potential, since the estimates require a certain smoothness of the functions
and y, is not smooth. We shall give a partition {4} of R* and assign to
each 4, a smooth nonnegative function 5 4, Which vanishes outside a small
neighborhood of 4, and =1 in the interior of 4; except in a small
neighborhood of the boundary of 4;. Thus 5 4 1s @ smooth approximation
to x4 The probability that the particle is found in 4,, at time ¢,,.., and in
4, at time ¢, is given by a similar formula® to Eq. (1):

* Formula (2) may be thought of as modeling position measurements by an apparatus with
a smooth response to the presence of a quantum particle, rather than the sharp response
associated with Eq. (1). In particular, according to Eq. (1), given a position measurement at
time 1, registering the particle in the cell 4, an immediate subsequent measurement (7, — )
will with probability I register the particle in the same cell, whereas according to Eq. (2) the
subsequent measurement may register the particle in a neighboring cell.
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Puldy, 15 djys t) = (0,14, (q(11) 14,(q(12)) -+ 14, (q(14))

X N4,0qUN) - 14,(q(12) ny (gt )W) (2)

In order that well-defined probabilities are obtained in this way it is
necessary that jnjj(x) =1 for all x. It is easy to construct such partitions
and functions in higher dimensions by taking products of one-dimensional
quantities. In one dimension consider a partition of R' into intervals which
are integer translates of A =[—~1/2,1/2]: 4;,=[j—1/2, j+1/2]. Let f(x)
be an infinitely differentiable function >0 if |x] <1/2+¢ and 0 otherwise.
For example,

B(x)=exp[ —(x+1/2+¢&) 2= (x—=1/2—¢)72] if x| <1/2+¢

=0 otherwise

The function f, is a translate of 8. Define 7, (x) =, (x)/[Z; B.,(x)* 1"
Then n,(x)=1for j—12+e<x<j+ 1/2—8 and =0 for \<_]—1/2—€
and x = j + 1/2 + &. Arbitrarily fine partitions may be obtained by replacing
B(x) by B(bx), where b is large. Note that we may interpret tyjj(.\') as
the probability, given that the particle is “actually at the point x,” that
its position will be measured to be in 4, which is consistent with
2 nf,]( x)=1. This interpretation is useful when comparing with te classical
joint distributions.

Remarks. 1. Our discussion is formulated in terms of position
measurements, although the same methods apply to joint multiple-time
position and momentum measurements.

2. In the case of the rescaled free evolution, F(2(t)} converges
strongly to F(X,+ (t/m)2) and hence the large-scale limit can be taken for
functions of position in any time order.

3. Although our discussion of a quantum particle in a random poten-
tial is formulated in terms of the functions »,(2(z)) and expressions such
as (2), our methods apply to any functions F(.2(t)), where F is the Fourier
transform of a bounded complex measure, in particular F=1, and to
expressions of the form

(W, Fi(2(1))) - Fy(2(ty) Fn(2(ty)) - Fu(2(T DY)

with 0 <1, < --- < ty. Hence we can deal with totally time-ordered expres-
sions such as

Fi(2t))--- F2(ty))

822/77/1-2-19
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or
F2(ty)) - Fi(2(zy))

Such totally time-ordered expressions are considered by Dell’Antonio‘®’ for
functions of the momentum, where, however, he does not treat expressions
of the required form (2).°

1.3. Strong and Weak Convergence

We comment here on the difference between strong operator con-
vergence for the free evolution, and weak operator convergence for the
random potential evolution. In the case of the random potential, F(2(t))
converges weakly to (T, F)(X,, 2), where for any function f(x, p) on phase
space, (T, f)(x, p) is the conditional expectation of f{x(t), p(t)) given the
time-zero values (x(0)=x, p(0)=p) with respect to a classical stochastic
process (x(t), p(t)) on phase space. In the case of the free evolution

(T3/)x, p)=f(x+(t/m)p, p)
T is a deterministic flow on phase space. Thus
TUFG)=(T°F)T°G)

This multiplicative property is not satisfied by the conditional expectation
T, of an indeterministic process.

Now if 4, - A4 weakly and A*A.— A*4 weakly, it follows that
A, — A strongly. Indeed,

(A= AYl* = (f, AFAN) + (Y, A*AY) = (AY, AY) ~ (AP, A1) > 0

The multiplicative (deterministic) property of T converts weak convergence
to strong convergence.

1.4. Further Remarks on the Literature

1. Spohn''” and Dell’Antonio‘® study the momentum observable
for a quantum particle in a random potential. Only the average over the
random potential is considered, whereas in the present study and ref. 12,
results are obtained for sample random potentials, with probability one.

2. Spohn''? studies the momentum observable only at one time and
thus a momentum process is not obtained, whereas in the present study

* See ref. 12 for a discussion of Dell’Antonio’s analysis.
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multiple-time correlations are studied. Dell’Antonio'® considers totally
time-ordered multiple-time correlations, but as mentioned in the preceding
remark, these do not correspond to multiple-time measurements. In addi-
tion, Dell’Antonio’s analysis rests on several erroneous estimates. (See
ref. 12, §7.)

3. The different character of the classical and quantum motion in a
random potential arises from the effect of the interaction strength A on an
individual scattering process. Classically, a weak potential will produce
only a small deviation in the velocity. Quantum mechanically, the devia-
tion is of order unity but with probability proportional to A%, as follows
from the Born approximation. This difference corresponds to the transition
from the linear Boltzmann equation to the linear Landau equation as 4 — 0
(Section 3.6). This point is discussed by Balescu (ref. 2, p. 599).

4. The equations of motion for a particle in a potential V are

dg(t) dp(t) _
7—17(1) and ar = F(q(1))

where F(x)= —VV(x). Scaling the interaction strength by A replaces ¥ by
AV and scaling space and time by A gives = A%r and Q(t) = A12¢(1~21). Set
P(7) = p(1~%1). The equations of motion become

) _piyy  and PO

_1-1 -2
A e =17 F(A7°Q(7))

These equations are equivalent to leaving space-time unscaled but scaling
the potential to AV(1~2x). However, it is also necessary to consider the
initial conditions @(0), P(0), and in particular the communication relations
[ 0(0), P(0)] = ix*h. The effective Planck constant A1’k tends to zero as
A — 0 and hence this is a type of classical limit # — 0. The classical limit of
quantum theory as an 4 — 0 limit has been studied in various forms in the
literature. This limit is not precisely defined, as the behavior of operators,
wavefunctions, and parameters needs to be specified and depends on the
physical basis for the observed classical behavior. A different version of the
classical limit from the one considered here is given by Hepp.!'"’ The weak-
coupling limit for a classical particle in a random potential (classical
Lorentz gas) is studied by Kesten and Papanicolau''® and Diirr et al.!”

Notation. Constants will be absorbed into the definition of the
Fourier transform where convenient to yield simple expressions.
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2. FREE EVOLUTION ON A LARGE-SPACE-TIME SCALE

In this section we shall use Eq. (1) for the joint distribution of multiple-
time position measurements. We shall consider the free evolution of a
quantum particle in R®, in rectangular boxes, and on tori. The initial state
of the particle is given by the wavefunction y, translated by the rescaled
amount X, = 12x,. We shall take the initial state to be y and translate the
observables by x,=172X,. Then the initial position observable is g+ x,
and at time ¢ the position is g + x, + (#/m) . The rescaled position observ-
able is then 2(7)=2A72g+ X,+ (t/m)?, which converges strongly® to

+(t/m)? as A— 0. More precisely, 2(t)¥ converges in the Hilbert
space norm to [ X,+ (z/m)2]y on a dense set of analytic vectors i for
X+ (1/m) 2, for example, on shifted Gaussian wavefunctions, and hence,
since [ X,+(t/m)2] is essentially self-adjoint on the finite linear span
of such wavefunctions, for every bounded measurable function which is
continuous except on a closed set of Lebesgue measure zero, F(2(7)) will
converge strongly to F(X,+ (r/m)g’).‘s’ Furthermore, if F,,.., Fy are
such functions, then F,(2(t,))-- (J(TN)) will converge strongly to
FXo+(t,/m)P)--  Fy(Xo+ (tN/m ). Consequently the joint probabil-
ity [Eq. (1)] will converge as 1 — 0 to

(W xaf Xo+ (1 /m)P) -y g (Ko + (T /i) PY - x4 (X + (1, /m) P YY)
= (Y, (KXo + (T, /m)P) -y ( Ko+ (Ta/m)P)Y)

= [ dp WP 0 Xo+ (21 /m)p) - gy (Xo + 2y /) p) (3)

Equation (3) is just the classical probability that a particle will be found in
4, at time 7,,..,and in 4, at time 7,, given that the particle follows the
trajectory X, + (t/m)p with probability density [(p)|2. Thus the quantum
Joint distribution of multiple-time position measurements in the limit of
large-space-time scaling may be interpreted by a classical probability dis-
tribution on classical particle trajectories.

Remark. Consider a wavefunction which is a coherent superposi-
tion of two wavefunctions translated by different amounts X, and X,:
a,U(27*X ) ¥, +a, U(A72X,),. Computing the joint distribution for
multiple-time position measurements as above, we obtain a sum of
terms from each of the wavefunctions and cross-terms of the form
(W, UA™*(X,—X,)) AY,), where 4 is an operator depending on the
rescaled position J(r) and Ay, converges as A — 0. The cross-term is then

* A4, converges strongly to B if 4, — By || - 0 for all wavefunctions ¥
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seen to tend to zero since U{x) converges weakly’ to zero as x — oo. To
show this, suppose two wavefunctions ¢, and ¢, are zero outside some
bounded set. Then ¢, and U{x)¢, are orthogonal for x sufficiently large.
Since any wavefunction may be approximated by such ¢, it follows that
lim, _ _(¢,, Ux)p,)=0 for all ¢,, ¢,. Hence a mixture of y, at X, and ¢,
at X, results.

2.1 Free Evolution on a Half-Line

The large-scale limit for a free quantum particle restricted to the half-
line [0, o) again leads to classical particle trajectories, which in this case
reflect back from the origin. By using the method of images, the free evolu-
tion on ( — oo, o0) previously studied may be used in the computations.

Method of Images. Denote by J#, the Hilbert space L*([0, 00), dx)
of wavefunctions of the particle and let H = L*(—c0, ), dx). The free
evolution on J# is generated by the Hamiltonian H=#7/(2m). Any
wavefunction in the domain of H is continuous and has a continuous first
derivative. On smooth functions, H = —A%/(2m) d*/dx*. The sub-Hilbert
space #5 < H# of odd functions is invariant under the free evolution
exp[ —i(t/hYH]. Let A be the unitary map of .#, onto J#; given by
(AY)(x) =sign(x) 2~ "2Y(|x|). The inverse unitary map B of i, onto #},
is (BY)(x)=2"y(x). A continuous one-parameter group of unitary
operators on J#, may be defined by Bexp[itH] A=exp[itH,], which
defines the self-adjoint operator H, on .#,. The operator H, is just
—h?/(2m) d*/dx* with the Dirichlet boundary condition f(0)=0. [If the
even subspace of # had been used, then the Newmann boundary condition
df/dx(0) =0 would have resulted, with the same conclusions applying.]
The position operator g, on #,, is multiplication by x and g, =B |q| 4.
Thus

qgp(t)=explitHplqpexp[ —itHp]
= Bexp[itH] |q| exp[ —itH] A = Blq(t)| A

The rescaled position operator is 2,(7) = Aq (4~ *7) and
Xm("@D(rl )) - 'XAN(‘QD(TN)) : "X‘xl(ﬂD(Tl)) =BF A4

where

F =112 A1 2D - (1201

" A; converges weakly to B if (. A,¥,) = (¥, By.) for all wavefunctions . .
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We thus obtain for the joint distribution rescaled multiple-time position
measurements

P4y, T Ay, Th) = (A, FAY)

Now write Ay =272y’ — "), where y'(x)=y(x) if xe R* and zero
otherwise, and ¢"(x)=y(—x) if xe R~ and zero otherwise. Since the
operator & is even under x — —x, the above expression may be rewritten
as

W', FY' ) =", FY') 4)

Suppose now that the particle is translated to some large-scale point
X,>0. Then ' is replaced by U(172X,)y' and " is replaced by
U(—272X,)y". We may now use the preceding remark to conclude that
the cross-term in Eq. (4) tends to zero in the large-scale limit 1 — 0.®> We
finally obtain for the limiting joint distribution of rescaled multiple-time
position measurements

W', Fy") (5)

where in the expression for &, |2(t)| is replaced by |X,+ (v/m)2P|. The
presence of the absolute value has the effect of reflecting the straight-line
trajectories at the origin.

2.2. Free Evolution on a Circle

We shall identify the Hilbert space s, of wavefunctions of a particle on
a circle of circumference L/A? with L*([ —1~2L/2, A=*L/2], dx) and thus
consider it as a sub-Hilbert space of # = L*({—o0, o), dx). As large-
scale space coordinate (angular variable) on the circle we shall take
exp[i2n42x/L], which traverses the unit circle in the complex plane as x
varies from —A72L/2 to A ~2L/2. The large-scale quantum mechanical posi-
tion operator on # is then the unitary operator 2, =exp[i2ni%q,/L],
where ¢, is multiplication by x on ;. The momentum operator %
generates translations around the circle: £, =(h/i)d/dx with periodic
boundary conditions at —2A~2L/2 and A72L/2. Then

expl i(a/h)#,] 2, expl —i(a/h)#,] = exp[i2rai*/L] 2,

¥ If the particle is not translated by a nonzero macroscopic amount, so that it is “at X=0"
then ¢’ is to be replaced by Ay in Eq. (5).
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Equivalently, 27'#,9, = +2ahi*/L. We may then compute the time-
evolved large-scale position operator:

2,(t) =exp[it/(h2m)P2] 2, exp[ —it/(h2m) P2 ]
=9, exp[it/(R2m){ 27 '?,9,}*] exp[ —it/(h2m) 23]
=exp[it(2nhA?/L)?/(h2m)] 2, exp[i2ri2t/(mL) ]
=exp[i(2r)? hA*t/(2mL?)] ; exp[i(2rn/L)(t/m) %]

where we have substituted A%t = 7. We note that, as in the previous cases, we
may translate the initial state of the particle around the circle by the amount
A72X,. Shifting this translation to the observables results in a change in the
last factor in the expression for 2;(t) to exp[i(2n/L){ X, + (z/m)#} 1.

In order to study the limit A — 0, it is convenient to make the follow-
ing convention. Let E, be the projection in J# onto ;. If the wavefunction
of the particle is in the orthogonal complement of J#, we say the particle
is not on the circle and assign its large-scale position on the circle to be zero
(i.e., not on the circle). In this way we may consider 2,(t) to act on J# and
replace the formula for 2,(t) by

2,(t) = exp[{(2n)? hA*t/(2mL*)] exp[i(2rA*/L)q]
x exp[i(2rn/LY{ X, + (t/m) P} 1 E; (6)

where ¢ is the position operator on J. It is now an easy matter to study
the limit 2 — 0. The first two factors in the expression for 2,;(7) converge
strongly to the identity operator, as does E;. Now let y e . For A< 4,,
Yy e #, and furthermore if |a| <(A=2—A;%)L, then exp[i(a/h)# ]y =
exp[i(a/h) P ]y, since #, generates shifts on [ —A 2L, A72L] with periodic
boundary conditions and & generates shifts on R. Hence 2,(1)y —
exp[i(2r/L){ X, + (t/m)2} 1. Such wavefunctions y, for all 1,, are dense
in #. Thus 2,(t) converges strongly to exp[i(2n/L){ X, + (t/m)2}]. As in
the previous discussions, this expression leads to joint large-scale multiple-
time position measurements given by classical particle trajectories on a
circle of rescaled circumference L, starting at X, and moving with velocity
p/m, where the probability density for p is |¥(p)|2

Translation on the circle by the large-scale amount X is given by
U(A72X) =expli(A~2X/h)#,] on #,. We extend this to J# by the conven-
tion that if the particle is not on the circle, it is not translated. Thus on 3,

U,(A~2X) =exp[i(A2X/m) P21 E, + (1 — E,)
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Suppose |X| < L/2 and let the wavefunction y have support in [ —K, K].
Then

U27*X)y = exp[i(27*X/h) 2,1¢ = exp[i(A 2 X/ P T

if K+A72|X|<A™2L/2. We now see that a coherent superposition of two
compact support wavefunctions ¥, ¥, translated by different macroscopic
amounts X,, X,, where |X;|<L/2, |X,—X,|<L/2, gives cross-terms
which tend to zero as A — 0 by the weak convergence to zero discussed in
the remark of Section 2. This then extends to all wavefunctions in #.
Hence a mixture of , at X, and ¢, at X, results.

2.3. Free Evolution on an Interval

The method of images may again be used to obtain the time evolution
of a quantum particle restricted to an interval [0, A~>L/2] in terms of the
evolution on a circle, which is given by periodic boundary conditions at the
endpoint of [ —A~?L/2, A72L/2]. Let #, ,=L*[0, A17>L/2], dx) and, as
in the previous discussion of the half-line, consider the unitary map 4, of
#, p onto the odd subspace #,, of # =L*[—A72L/2, A72L/2], dx)
given by (4, ¥)(x)=sign(x)2~'2y(|x|) and the inverse map B,: (B, y)(x)=
2'2y(x). The self-adjoint operator H, , on #, , is defined by exp[itH, ,]
= B; exp[it/(h2m)P3] A;, where 23 /(2m) is the Hamiltonian on the circle.
A wavefunction in the domain of 22 is necessarily continuous with
continuous first derivative (and periodic at +A72L/2) and hence if
e, ,, it follows that ¢ is zero at x=0 and furthermore, due to the
periodic boundary conditions at the endpoints +A72L/2, also at the
endpoints. Thus B,y € #; , is zero at x =0 and x = 172L/2. In this way we
see that H, ,, is —(h?/2m) d?/dx* with Dirichlet boundary conditions at
x=0and x=4172L/2. (In a similar way the even subspace of .#, gives rise
to Neumann boundary conditions at x =0 and x=1"2L/2.) The discussion
now proceeds along similar lines to the case of the half-line. Thinking
of the interval [0, 27°L/2] as the semicircle of circumference A~2L/2
centered at the origin and contained in the upper-half complex plane, we
take the rescaled space coordinate exp[i2nd®x/L] (see Section 2.2). Then
2. p=B,f(2,)A;, where f(z}=Rz+i|3z| is continuous, and 2, ,(7)=
B; f(2;,(1)) 4,. As in the previous section, if the wavefunction of the par-
ticle is the orthogonal complement of 3, , in #, (Section 2.1), we say the
particle is not in the interval and assign its position to be zero. As in
Section 2.2, we extend 2, 5(7) to an operator on J#, by 2, ,(t)=
B, f{2,(1)) A,&,, where &, is the projection in %, onto ¥, ,. We may
replace 4; by A, B, by B (Section 2.1), and take 2,(t) as in Eq. (6). It
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follows that 2, p(t) converges strongly to Bf(exp[ i(2n/L)( X+ (t/m)P)]) A.
As in previous discussions (Sections 2.1 and, this formula leads to classical
trajectories on the interval. The presence of the function f has the effect of
reflecting the trajectories at the endpoints of the interval. (The presence or
absence of cross-terms depending on whether the particle is “at X =0 or
X=L/2” or at a macroscopically interior point of the interval follows a
similar discussion to that in Section 2.1.)

Remark. The preceding one-dimensional constructions extend
immediately to higher dimensions, using the fact that the Hamiltonian
is a sum of mutually commuting and independent one-dimensional
Hamiltonians, and thus each component of the large-scale position
operator evolves as in the one-dimensional case. We may thus obtain the
joint distribution for large-scale multiple-time position measurements in
terms of classical geodesic trajectories on cylinders, tori, and hyper-
rectangles.

2.4. Free Evolution on a Lattice

Associated with a quantum particle on a one-dimensional lattice with
spacing / is the Hilbert space of wavefunctions # = [*(Z). The unitary shift
operator U is defined by (U )(n)=y(n—1) and the lattice Laplacian is
A=1"[U+ U~"'—-2]. The Hamiltonian is H= —h?%/(2m)4. The posi-
tion operator g is given by (q@)n)=nhj(n) and q(t)=exp[(it/h)H]q
exp[ —(it/h)H]. Then dg/dt =h/(imD)(i/2)[U—U""]=(1/m)#, where the
momentum operator 2 = (h/I}(i/2)[U— U~"']. Note that d?/dt =0, so the
momentum is conserved and ¢(t) =gq + (t/m)2. Furthermore, if the initial
wavefunction is shifted by 472X, and this is transferred to the observables,
then ¢(t)=A"2Xy+ g+ (t/m)2. The large-scale position operator is

A)=22g(A ) =g+ X+ (1/m) P
The operator # is bounded. Indeed, Fourier transformation is defined by

V(p) =Y Y(n) exp[ —inp]
wm =)' [ dpJ(p) expLinp]

and

Ui(p) = exp[ —ip] di(p)
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Hence

Hy(p) = h/(mI*)[ 1 —cos p1(p)
PY(p) = (h/l) sin pd(p)

so —(A/l)< 2 < (h/l). Then 2(t) converges strongly on the domain of g to
the bounded operator X, + (t/m)#. Hence, observed on a large space-time
scale, the particle moves on a straight-line trajectory X, + (t/m)(#/l) sin p
with probability density

2n) 7 [P 1>+ Y(sign(p)n —p)|*T1dp,  —n2<p<n/2

The maximum speed is h/im.

Remark. It is interesting to note that the Bessel function identity
2""/1([):t["n—l(’)+"u+l(’)] (7)

is an immediate consequence of the operator identity q(t)=gq+ (¢t/m) 2.
Indeed, taking #=m =/=1, and denoting by J, the wavefunction which is
1 at =0 and 0 otherwise,

(explitH] éo)(n)=exp[it ](—i)" J,(1) (8)
and since ¢d, =0, we have
0=gq(1)exp[itH] 6y =[q+ t(i/2)(U—U"")] exp[itH]d, (9)

Equations (8) and (9) give the identity (7).

Remark. The kernel of the free evolution on the lattice is given by
Bessel functions [Eq.(8)]. In the continuum R the kernel is uniformly
bounded by Cr~'2 A uniform bound Cr~' for the lattice kernel was
obtained in ref. 12, Appendix C, but the best uniform bound has the form
C171/3.127)

2.5. Uniform Gravitational Field

A uniform large-scale gravitational field in R is described in terms of
the large-scale coordinate X by the potential V(X)=mgX and hence in
terms of the coordinate x=172X, V(x)=md%gx. Thus in this case the
interaction strength A% is scaled in the same way as the space-time
coordinates. The Heisenberg equations of motion associated with the
Hamiltonian H = 1/2m)#* + A>mgq are dgq(t)/dt = (1/m)#(t) and
d2(t)/dt = —A’mg. Then 2(1)=P — A®>mgt and q(t) =g + (t/m)P? —
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A’gt?/2 4+ A~ 2X,, where we have included a large-scale displacement by X,.
Hence 2(t)=2 —mgr and 2(7) =A%q(A721)=2%q + (t/m)P — g2 + X,,
which converges to X,+ (t/m)#? —gt?/2. In higher dimensions with the

gravitational field in the # direction we have 2(7)=% —mgt? and
Aty = Xy + (1/m)P —g(t?/2)2. The classical trajectories are thus parabolas.

2.6. Slowly Varying Potentials

A quantum particle subjected to a slowly varying potential (one which
varies on the macroscopic scale of the form V(X)= V(4%x) should, in the
large space-time limit 4 — 0, be described by trajectories 2(7) = F,(X,, 2),
where X(t)=F,(x, p) is the classical trajectory satisfying

axw _1

dr _mp 2
P _yixio))
dr

with initial conditions X{(0)=x, dX/dr(0)=p. This was shown in Sec-
tion 2.5 for a slowly varying gravitational potential. The calculation for the
harmonic oscillator potential V(X) = 1/2kX? = 1/22%x? is also easily done.
The Heisenberg equations of motion are

d
t m
d2(1)
— =%
a q(1)
or
dac) 1
=—P
dr m (t)
d?(1)
=—k9
o (1)
with solution
sin (w7t)

Aty=9cos(wt) + 2P
mw
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Substituting 2 = A%g + X, gives, in the limit 1 — 0,

() = X, cos(wr) + 2 L)

=F.(X,, #)
maw

A related approach with a different scaling leading to classical behavior is
given by Hepp.''"

2.7. Large-Space-Time Observation of Scattering

The quantum mechanical scattering states of a particle in R” are those
wavefunctions 1 , (¢) which for large times behave as free particles:

lexp[ —i(t/h)H] ¥ .(¢) —exp[ —i(t/h) Hol ¢l > 0 (10)

as t— t+oo, where H is the total Hamiltonian and H, is the free
Hamiltonian 1/(2m)2??. The Moller wave operators Q, are defined by
Q,¢=1y.(¢) and the S-matrix S by Q_¢=02,S,. Note that Q, are
isometric: |2, ¢l =|¢ll. From Eq. (10} exp[i(t/h)H] exp[ —i(t/h)H,]
converges strongly to ., and exp[i(t/h) H,] exp[ —i{t/h)H]Q, con-
verges strongly to the identity operator as t — + oc. Let

2ty =A% exp[i(A~*t/h)H])q exp[ —i(A"2t/h)H ]

denote the large-scale position operator evolved with respect to the total
Hamiltonian and 2(z), as in preceding sections, evolved with respect to the
free Hamiltonian. Let F(x) be a bounded measurable function which is
continuous except on a closed set of Lebesgue measure zero. Then on the
scattering states, If 1 <0, as 1 =0

Fl2,(t1)Q _ =exp[i&‘2(r/h)H] exp[ —M“Z(r/iz)Ho] F(9(7))
x exp[id ~*(t/h)H,] exp[ —id =X (t/A)H] R _
- Q Fl(t/m)?)

It follows that if r, and t, are negative,

Fi(2,(1))) Fy{ 24(1,)) Q2 _
=F(2y(1) ) FoA24(73))Q2  —Q _Fy((1o/m)#)]
+ Fi(2,(1))) Q _Fy((t2/m)P)
- Q_F,((t,/m)P) Fy{(z,/m) P)
=Q SF((z,/m)2P) Fy((1,/m)P)
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and similarly for a product of any number of such functions F,. In a similar
manner we conclude that if 7,,.., 7, are <0 and 7, ,,,.., Ty are >0, then,
as A — 0,

Fy(2u(t3) - Fi(24(1))RQ_ - Q  Fy((ty/m)P)
o Fyeallte o /m)2) SE((2 /m)P) - Fi((z /m)2)  (11)

Using Eq. (1) for large-scale space-time measurements, and writing the
equation in the form

P.p(Ala T Ay, Ty) = ”XAN(QH(TN)) : "Xd,(QH(Tl))‘//”Z (12)

we take 71, < - <1, <0< 71, ,< -+ <7p and obtain in the limit A — 0,
from Eq. (11), for an incoming scattering state |y =Q _¢,

Py 44, 715.5dN,Tx)
= X a{ (T /) PY - Yy (The i /M) P)
XSXA‘.((TA-/’”)-O))"'XA,((Tl/m)v@)d’“z (13)

since £, is isometric. We see that P, ,(4,,7,;.;dy, 74)=0 unless
(4,,1),.., (44, T;) contain a straight-line trajectory (7/m)p with p in the
support of ¢, and (4 ., T 4 1)s- (4 n, Tx) contain a straight-line trajec-
tory (t/m)p’ with p' in the support of Sy, ((t,/m)P)---x,((t/m)P)¢.
However, the expression (13) contains quantum mechanical interference
terms and does not have the form given by the scattering of classical
particles. In particular, summing over all 4 in the partition,

Y Po (A, T A TN FE P (i1 Tig 15 Ans T

If, however, the incoming state is sufficiently concentrated about the
incoming momentum p, (in relation to the fineness of the partition), then
at each time 7; <0 only the one A;’ containing (z;/m)p, will give a non-zero
probability. (That is, to the accuracy of the partition, there is only one
incoming trajectory (t/m)p,. Furthermore,

XUt /m)P) - x ol /M) P)p=¢

and so the probability density of observing an outgoing trajectory (t/m)p’
is [(S@)(p")|. (In order to relate this to the standard cross-section formula,
it is necessary to average the probability density over the wavefunctions ¢
in the incoming particle beam.?*’)
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2.8. Many Particles

The analysis leading to Eq. (3) carries over unchanged to the case of
N quantum particles moving in R*. If the N-particle wavefunction is
Y(x'V,.., x'™), then the probability of finding particles in macroscopic
space-time regions is given by N straight-line trajectories X'/(z) = (t/m)p'”
distributed according to the probability density |J(p*,... p™)2. If,
furthermore, the j” quantum particle is translated by the macroscopic
amount X, then the trajectories are X/(t) =X + (z/m) p'” with the
above probability density. If the quantum particles are uncorrelated, the
wavefunction factorizes, (x'",..., x!™M) =y B(xD) ... M(x'M), and con-
sequently the joint probability density of the classical particle trajectories
also factorizes. Thus the trajectories are uncorrelated.

A coherent superposition of wavefunctions translated by different
macroscopic amounts (X§',..., X§¥) and (X§",.., X{¥) will, in the large-
scale limit 4 — 0, lead to a mixture as in previous discussions due to the
cross-terms tending to zero:

U(l)(A—Z[Xi)l)_Xlol)’])éD ®U(N1(A—2[XBN)_X:)N)'])

tends weakly to zero if at least one X — X/ is nonzero.

If the particles are bosons or fermions, the wavefunction must be
symmetric or antisymmetric, respectively. If the particles are translated by
different macroscopic amounts, then symmetrization or antisymmetrization
leads to a mixture due to the cross-terms tending to zero. Furthermore, for
properly symmetrized observables each permuted wavefunction will lead to
the same joint probabilities. Consequently for particles initially at different
macroscopic points, Bose or Fermi statistics do not lead to any modifica-
tion in joint multiple-time position probabilities. In particular, this is the
case if the particles have an initial distribution of macroscopic positions X,
which is absolutely continuous with respect to Lebesgue measure (ie.,
given by a density function), since the probability of two particles being at
the same point is zero. For example, suppose the jth quantum particle is
initially in the (mixed) state SY' =3, ¢}/’ Sy, where Sy is the pute state
determined by the wavefunction ¢{”. Then the momentum distribution is
given by the density g'/(p) =Y, ¢/’ |$(p)|% Suppose the initial distribu-
tion of the macroscopic position of the jth particle is given by the density
KX If the particles are uncorrelated, then S= ®_, SV and the
trajectories X'/(7) = XY + (t/m)p'” are uncorrelated.

A similar discussion applies to motion in the previously discussed
geometrical regions. A quantum particle on a circle of circumference L with
momentum distribution given by the density g(p) and initial macroscopic
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position distribution given by the density 4(X,) has moments of the
position operator at macroscopic time 7, in the large-scale limit,

U™y = [ dXoh(Xo) [ dp glp) explin(2n/L)(Xo+ (z/m)p)]  (14)

Denote by u, the probability measure on the unit circle determined by
these moments:

2n
U™y = fo du(0) exp[inf)

The moments [Eq.(14)] for n#0 converge to zero as t— oo by the
Riemann-Lebesgue lemma. These limiting values are equal to
o du(6) exp[inf], where u is the uniform distribution du=(27)~" df. It
follows® that the probability u.(«) of finding the particle on any arc a of
length |«| on the circle converges to u(a) = |a|/(2r). If we now consider N
uncorrelated quantum particles, each in any state S/ with distribution
h(XY), then in the large-scale limit, as t — oo and for sufficiently large
N, the density of particles will exhibit very small fluctuations around the
uniform density. (The discussion can be further extended to the case where
g depends on both p and X,.)

2.9. A Quantum Counting Process

Here we discuss an alternative approach to position measurements on a
free quantum particle which corresponds to setting up counters in various
regions 4,, j=1,.., J, and observing the times at which each counter clicks.
A good exposition of the general approach developed by E. B. Davies may
be found in the article by Srinivas and Davies.?!’ We shall show that in a
large-space-time limit, the quantum counting process goes over to the
classical counting process associated with particles moving on the straight-
line trajectories X, + (t/m)p.

To the counter in the region 4; is associated a counting rate “super-
operator” ¢, acting on density matrices p. We shall take F4, of the form

Fa, P =0%4(9) pX 4(q)

° The continuous functions exp[inf] are closed under multiplication and complex conjugation
and separate points of the circle. By the Stone-Weierstrass theorem, finite linear combina-
tions of such functions are dense in the supremum norm in the set of all continuous
functions on the circle. Thus u,-»u4 weakly, and hence u(B) - u(B) for all Borel sets
satisfying u(0B) =0 (ref. 23, Theorem 1.1.1), in particular for B an arc.
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The total rate operator is

J
2 1)_ ZZXA,

Jj=1

(where #7 is the dual of ¢,, acting on the observables).
In the absence of counters the density matrix evolves according to the
Hamiltonian evolution

exp[ —i(t/h)H] pexpli(t/h)H]

where H=1/(2m)%?. In the presence of the counters the evolution of the
density matrix to time ¢ in the case that no counters click in the time inter-
val [0,¢) is given by S,p/Tr(S, p], and the probability for this case to
occur is Tr[ S, p]. The “superoperator” S, acts on p by

S, p=exp[ —tK] pexp[ —tK*]
where
=(i/h)H + R/2
K*= —(i/h)H+ R)2

If0<7 < - <1<, the probability density that the counter in 4, clicks
at time ¢,,.., and the counter in 4, clicks at time ¢,, and no counter clicks
in the rest of the interval [0, ¢) is

A_”, atl’ ¥/ Tr[Sl l,jA” I—_ |jA” | fd,‘z'slz—njdilsup]
(15)

Pp(tl,

If the state of the particle is given by the wavefunction , the density
matrix p is the projection onto ,

=1y> <Yl

in the Dirac bra-ket notation. In this case

S W< =<,

where

¥, =exp[ —tK]¢

and

Fa WP = 14>y |
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where
Va=0x4(qQ)¥
Consequently, the probability density (15) is then
Py(ty, d;5es 1, 4,) =112
where
Y'=a'exp[ —(t—1) K] xa(@) exp[ —(t;,—t,_)K] -
xexp[ — (13— 1)K x4, (q) exp[ —1, K]

We shall develop a macroscopic (large-space-time) form of the above
analysis by replacing the counting rate superoperator #, by #7,, where

Fhp=22074(Q) px4(Q)

where Q= /1%q+ X,, in which case the total rate operator R is replaced
by R*, where
J
R'=1%* Y X4(Q)
f=1

ji=

The probability density with respect to the rescaled counting times 7,,..., 7,
is then

Py, 4,551 4, [0,7))= ||l//1||2
where

¥, =a' exp[id ~2t/hH] exp[ =4 H(t—1,)K]
X x4,(Q@)exp[ —A 731, —1,_))K] -+
X X 4,(Q) exp[ —A"H1,—1)K] X 4,(Q) exp[ —A7 T K]y

The wavefunction y; converges in # as A —0 to y,, where ¥, may be
computed in the following way. An expression such as

exp[ 4721, K]y 4, (@) exp[ —4 %1, K]

is written in the form

Wixa, (QENWE ™

where
Wi=exp[A ™21, K] exp[ —id ™21, /hH ]

822/77/1-2-20
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Now x, (Q(TA)) converges strongly to XA,(X0+ . /m)?) as A—-0.
Furthermore W} converges strongly to

exp[Z IUZZJ ds X 4, (Xo+ (s/m) 2 ] (16)
j=1

In order to prove (16), expand W} in the norm convergent series
oo % s1 Sn—1
=Y 2o s, [ dsy [T ds, Rs) o A(s) ()
n=0 0 0 [}

where Z,(s)=0¢ Z’_ . )(A] (Q(s)). Now £,(s) converges strongly as 2 — 0 to
Ro($) =0T ]_ | x4, (X0 (s/m)#). Furthermore, |R,(s)| <o for all A and
s, which implies that the series expansion (17) converges uniformly in A.
Hence we may interchange the sum over n with the limit A —» 0. The com-
mutativity of %,(s) for all s then leads to (16). Similarly

(W} ' =exp[id =2t /hH ] exp[ — 21, K]

converges strongly to
exp[ 271g2 Z f ds x4, (Xo+ s/m)?)]
Jj=1

Taking into account the commutativity of all factors in ¥,, we obtain the
expression

J T
|/,0=a/exp[—2—102 y f dsXAI(X0+(s/m).@)r|
j=1"0

XX 4, (Ko + (T,)/m)P) - x4 (Xo + (1, /m)P)Y

Hence in the limit A -0, P,(t,, 4;;..; 7, 4,; [0, 7)) converges to

jr

jdpuﬁ(p>|2a2’exp[ o? zj ds 1.4 Xo + (s/m) ]

Jj=1
XX 4,(Xo +(T,/m)p) - x5, (Xo+ (1,/m)p)

which are the corresponding classical counting probability densities for a
particle moving on a straight-line trajectory X, + (t/m)p with probability
density [y(p)I*.
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3. A QUANTUM PARTICLE IN A RANDOM POTENTIAL

The large-space-time, weak-interaction limit is taken for a quantum
particle moving in R*(v>3) in the presence of a random field v(x). The
rescaled time and space variables are =A% and 2= A%g, and the inter-
action strength is A. Formula (2) shall be used for the large-scale multiple-
time position measurements with 7 replacing ¢ and 2 replacing ¢, and the
limit 4 — 0 will be taken using the Dyson perturbation series—which may
be controlled for small T and Gaussian random fields »(x). In place of the
straight-line trajectories. of Section 2, the trajectories describe a particle
moving with constant speed in straight lines between random jumps in
direction. In the limit 1 — 0 the joint distribution for multiple-time position
measurements is thus described by a classical stochastic process.

With probability 1 with respect to the random field, the stochastic
process obtained does not depend on the particular sample random field,
but only on the ensemble value of the covariance of the random fields.

In this section, for notational simplicity, explicit formulas will be
develop for P,(4,, t;; 4,, 7,). The extension to more general multiple-time
position measurements leads to expressions of the same general form.

3.1. Dyson Perturbation Series

A. Consider a Hamiltonian H = H,+ AV, where H,=1/(2m)#? and
V will for the moment be supposed bounded. The unitary operators

W(t) =exp[(it/h) H] exp[ —(it/h) H,]

satisfy
dW(n)/dt = (ix/h) W(t) V(1)
where

V(t) =exp[ (it/hYHy] Vexp[ —(it/h) Hy]
Given a bounded operator A4, W(t) AW(t)~" satisfies
djdi[ W(t) AW(t)~'] = (il/h) W[ (1), A] W) ™!

and hence

W(t) AW(6) =) = A + (iA/h) j ds W(s)[ V(s), A] W(s)~"
0
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Iterating this gives the norm-convergent Dyson perturbation series

W) AW(D) - = 3 (i/l/h)"j'ds,j“" ds, -
1] (1]

n=20

x j‘ ds, [ V(s [V(s)), 4]+ ]
0

Expanding the commutators [ ¥{(s,),.... [ V(s,), 4] --] vields 2" terms of
the form

(=D)"7"V(sh) - Vs, AV(sL ) - PAsy,)

n

where s,..., s, is a permutation of s,,.., s,. Let @, denote the set of these
2" configurations, a configuration being denoted by ¢ (ref. 12,§5.2). Then
¢ determines the permutation s\ ,..., 5,,, which will now be denoted s?,..., 5.
Also r depends on ¢, but we shall not make this dependence explicit. Now

denoting
Ag(ty=exp[(it/hH] A exp[ —(it/h}H ]
A(t) = exp[(it/h) Ho] A exp[ —(it/h) H,]

we have A4,,(t)= W(r) A(t) W(t)~" and hence

o Al Sn—
Ay =Y (i ¥ (—1)"-fj dsl---j ds,
n=0 ded, 0 0
x V(s$)-- V(s®) A(A720) W(s?, ) - V(s?) (18)

It is notationally convenient to relabel the times s,,.., s, at 1,,..., t,, where
1;=s%.'° We may then reexpress (18) as

<

A= ¥ (=idfhy T (=) [ty dr, V) V)

n=0 ped,

XA()*gzr) V(tr+l)"'V(1n) (19)

where dr,---di, denotes integration over the appropriate sector of
[0, A73¢]"

B. If A and B are bounded operators and 0 < t, < 7,, then

An(2730) By(A721,) A (3771 = { AB (A" X1, — 1)) A} 5 (A1)

' Notice that ,.... 1, are totally ordered, but the ordering is not given by the index j of 1,.
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Applying Eq. (18) twice gives
Ap(2720)) By(A 721, A (A~ %))
— Z (M./h)"+n‘ Z (_l)n—r Z (_l)n’—r‘

non ped, P edy

X '[:_zn du, ~~-Lun—l du,, J‘A_ZQ ds, ~~-JW_I ds,

A7 A=y

X V(u?) - V(u?) A(1~1,)

X {V(s¥) -+ V(s¥) B(A7%t)) V(s%, ) V(s%))
x A(A™20,) V(u?, ) - V(u?)

=2 (=Y ¥ ¥ ¥ (=1
N=0

n+n' =N ped, ¢ cdy

xfdz, e dty V(1)) - V(1) A(A"T,)

X V(tr+1)"‘ V(l,+,:) B(A_ZT.'Z) V(tr+r’+l)"'
X V(tr+n’)A(’1_2Tl) V([r+n’-+-l) V(’N)

where we have introduced 1,,..., t, as in Part A.
In a similar way, the perturbative expansion is obtained for

AWA20) - A AT ) AV (A2 y) - AN (A7 2T

where 0< 7, < -+ <1y

3.2. The Random Field

285

(20)

A. Let the (nonrandom) field v(x) be “well-behaved™: v(x) is the
Fourier transform of the integrable function #(p) [and hence v(x) is
bounded]. The potential V' =wv(q) is given by (Vi )(x) = v(x) Y(x). We may

write V' =v(q) = { dk 6(k) exp[ik - q] and hence

(1) =fdk d(k) exp[ik-q(1)]

(22)

Furthermore, according to formula (2), we shall be interested in observ-

ables 4 of the form

A=1,2)=n2%q) = [ dk T k) exp[iA%k - q]
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and hence
A(t) = [ d 73K) expliA%k - g(1)] (23)

According to formula (2), the probability that the particle is found in the
(large-scale) region 4, at (rescaled) time 7, and in 4, at time t,,
0<1,<1,, Is given by

Py(dy, 11545, 73) = (W, 14(25(0)) 14 25 (1)) 1 4( 21(72)) 14, ( 2 (7)) Y0)
(24)
Substituting Eq. (22) and (23) into Eq. (20), we have

Nal2u () 04 2412)) 1 4L 241(73)) 1 4,( 21 (T1))
=’7m(~@)n (1_271){’743(9) '742(-@)} H (1_272) ”4.(-@)”(/1_271)

— Z (l.);/h)"-'."’ Z z (_l)n—r+n'—r'

nn ped, Py

x L:_E" du, - ~L:M_I du, _[rltz ds, ..-JJ"‘—I ds,, (25)

A‘zrl }.’:rl
x [ dp, - dp, dp' - dpy; doc, dic’ dicy dic,

X B(p) - 8(p,) B(PY) - B(pw) Ak ) Ha(KY) a(3) Ha(5c5)
xexplip, - q(u$)]---explip, - q(u?)] exp[ilk, - g(27%1))]

x explip} - q(s4)] - explip}. - q(s%)]

x exp[id®i, - q(A7%1,)] exp[il?kh - g(A7%1,) ]

x explip) .1 -q(st, )] explip; - g(s¥)]

x exp[iA®k! - q(A~21,)] explip, - q(u?, )] ---exp[ip, - q(u?)]

=Y (=i’ T Y Y (=1t
N=0

n+n' =N ge®, ¢ecd,y

xjdz,...dz,vjdkl-..dedx,...dx4 (26)

X B(key) -+ 0k ) 72 (00) 2 {K2) ol i3) 13, (Kg)
xexp[ik, - q(t,)] - explik, - g(1,)]
xexp[id’k, - q(27%t)) explik, .- q(t,,1)] - (27)
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><exp[ikr+r' 'q(tr-}-r’)] exp[i/lz Ky q(l_ZTZ)]

x exp[il’xs-q(A7t) ] explik, 41 gt p 1))+ (28)
Xexp[ikr+n' : q(tr+n’)] CXP[M.ZK"" q(i_ztl)]
xexp[ikr+n'+l 'q(tr+n’+l)] exp[lqu(tN)] (29)

where in (26) we have substituted the variables ¢,..., t for u,,..u,,8,..., 5,
as in Section 3.1.

A similar formula holds for position measurements at any number of
times t.

B. The product of exponentials contained in (27)-(29) can be
simplified by repeatedly using the Campbell-Baker-Hausdorff formula
exp 4 exp B=exp(4 + B) exp(1/2[ 4, B]), which holds when [4, B] com-
mutes with both 4 and B. Using [¢, #]=ih and g(?) =g+ (t/m)2 yields
(ref. 12,§5.5)

exp[ik,-q(t;)]---explik,-q(1,)]
=exp[ — (ih/(2m) A ] exp[ (i/m)(t\k\ + --- +1,k,)- 2]
X exp[i(kl + - +kn) * q]
=exp[ (ih/(2m) A" ] exp[ilk,+ --- +k,)-q]
xexp[(i/m) (e ky+ - +1,k,)-P] (30)

where the quadratic forms " and ™' are given by
X=Z’jvlkj'kl
A

(31)
H'=Y 1, kk
X

and j v I=max{j, !}, j A I=min{}, I}. Reexpressing the product of expo-
nentials in (27)-(29) using (30) and (31) leads to the following formula for
P,(4,,1,;4,,1,), Eq.(24):

(¥, ’74,(911(71)) ’IAQ(QH(Tz)) ’743(«@”(1’2)) ’74.(«9”(71))'#)

=Ngo“i*/h>" )R WD W C Vs

n+n'=N ¢ged, ¢'cdy

xjdz,...dzdek,---dedK,...dx4
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X B(ky) - Bk ) 74, (K0) i) Falies) 75, (1)
x exp[ —(ih/2m}{ A" + A} + A3} ]

x(n//, exp [(i/m)(i Lk, + i r,,K,,)-Q’:|

=1 a=1
N 4
xexp|:i<z ki+2% % Ka>-q]!,1/) (32)
J=1 a=1
where we have set 1, =1, and 7, =1,. The quadratic form J# depends only
on k.., ky and is given by

N
K=Y 1,k -k (33)
l=

The quadratic form J#; depends only on «,.., k, and is given by

4
H=A Y TausKe Ky (34)
ab=1
The quadratic form J, contains the cross-terms between the &’s and the «’s
and is given by

4 Na) N
AHy=2Y K”‘[‘{a Y k;+2? Y tjkj] (35)

j=1 J=jlay+1

a=1

Fig. 1. A consecutive term with rescaled times t,. 7,. Times increase to the right.
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where we have set j{(ly=r, j(2)=r++, j3)=r+r, j4)=r+n'". (See
Fig. 1)

A similar formula holds for general multiple-time position
measurements.

C. Let % be the subset of wavefunctions  such that ¥(x) and its
Fourier transform y(p) are integrable.'" For ,, ¥, € #, we may express
the scalar product (¥, ¥,) in the form!'?

[ dp dx expl —ip - x/h1 §,(p) ¥a(x)
and hence, for ye H,,
(W, explia- 2] exp[ib-qly)

= [ dp dx expl —ip - x/A1 ¥(p) W(x) explip - a] exp[ix-b]

Applying this expression to (32) gives the formula

Pud,,7,;4;5,1;)

=Y (=iym™ ¥ ¥ Y (=
N=0

n+n'=N ped, ¢ ed,

XJ.dtx "’dtNdKl -~-dh'4 ’a.(lﬂ) ’7/;3(K2) '7/4\;("-3) '7/:1(’(4)
xjdp dx exp[ —ip - x/h] ¥(p) ¥(x)

4
X exp [i Y (llx+(ra/m)p)-Ka] exp[ — (ih/2m) A, ]

a=1

xfdkl odkyb(ky) - B(k ) exp[ — (ih/2m) A ]

N
xexpi[z (x+(tj/m)p)~kj—(h/2m))ff2] (36)
j

Expression (36) and its obvious extension to general multitime position
measurements serves as the basic formula for the subsequent analysis. Its
essential features are

"' 5, is norm dense in #. Control of the limit A — 0 for ¢ € #; extends to all ¥ € # by the
uniform boundedness of the operators n,(2(r)).
'2 A factor (2nh) ™" has been absorbed into W(x).
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1. The integrand in k,,.,k, contains an imaginary quadratic
exponential, where the quadratic form 2, given by (33), does not depend
on the regions 4 or times 7, and is in fact the same as the quadratic form
studied in ref. 12, § 6 and § 8, with the same conclusion applying.

2. The remaining exponential is linear in k,,.., k5 and will not play
a role in the basic estimates controlling the 41— 0 limit (although it will
play a role in the actual limiting value).

3. The integrals over «y,.,x, Wwill be bounded in terms of
H;=1 741, and the integrals over p, x by |y, IIy|,.

D. The above analysis for a single field v(x) will now be applied to
a random field: For each x, v(x) is a random variable.'*> We shall for the
momentum suppose the random field satisfies

<exp[ﬂfdp|ﬁ(p)|:|><oo for all real § (37)

The sum of the absolute value of the terms in (36) is bounded by

I Il 114,02 144,013 Y, (1/nt) [i_zﬁ(m/h) J dk |ﬁ(k)|]
xZ(l/n’!)[A' ,—1,) Zl/h)J.dkw(k)l:I"

=110 W0 D0 13 0,13 exp [Zrz/mmjdk |ﬁ(k)|]

<exp I:th/(h/l) j dkc |6(k)|:|> <o

by (37). Hence summation over N and averaging over v may be inter-
changed. Thus
<P¢(A1, 7544, 13))

o

=Y iamt Y% T (-l

N=0 n+nw=Nged, e,

and

X J dt---dtydk,---dx, ’7/;.(K|) '7/;:("‘2) '7/;:("3) ’7/;.("4)
x [ dp dx exp[ —ip - x/h] §(p) ()

"' Let (£2. du) be a probability space. The random field v is a real-valued measurable function
on (R'x Q. dxxdu).
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4
X €Xp I:i Y (Px+ (r,,/m)p)w,,:] exp[ — (ih/2m) A, ]

a=1

xjdk, e dl oy Bk y) - Bk ) exp[ —(ih/2m) A ]

N
xexpi[z (.\'+(Ij/m)p)'kj—(h/2m)%’2:| (38)

=1

Note that the interchange of integration over k,,.., k5 and average over v
is justified since

[l e <18tk )1 - 180Kk )1 < o0
Similarly, the average of a product of any number of such P,'s will also
be given by averaging the product of all i's occuring in the integrands.

E. The formula (38) for (P,(4,, 7,; 45, 7,)) and its extensions will
now be generalized to unbounded, translation-invariant random fields by

the methods of ref. 12, §4 and § 5. The conditions on the random field are
as follows. '

1. Translation Invariance:
CF(o(x)) - Fr(o(x))) =< Fi(v(x +a)) - Fr(v(x, +a)))

for any bounded measurable functions F|,.., F, on R and any ae R".
2. Regularity:

(eP < oo for all real 8
3. Zero Mean'*:
v(0))=0
4. Cluster Property:
Colxy) - 0(x,) 00X, 4 DT =1 (Y1 V)

where y,=x;—x,,, and the truncated correlation functions y, and their
Fourier transforms y, satisfy

Iy, 11, < oo, 17,1, <C”  forsome C>0

14 1f (v(0))> #0, then this just adds a constant to the Hamiltonian and does not affect the later
results.
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From condition 4 we have
Colkey) - B(k,) Bk, o DT =P (ks k) Ol + -k, 4K,y y) (39)
Let &, denote the set of all partitions P of {1,..., N}. A partition P which
partitions {1,.., N} into M subsets is represented as (s, =N~ M)

{ﬂ(l)a 9ﬂ(sl 1)}’ i {B(SM-I'*'I)V", ﬁ(sM)s #(M)}

where

Bls;_ + 1)< - <Bls;

Correspondingly, we decompose the correlation function {d(k,)-- 6k y)>
into a sum of products of truncated functions

Citky) -k n) )
= Z <13(kp(1)) ﬁ(kﬂl_q)) ﬁ(k#(l))>r"'

PePy

X <ﬁ(kﬂ(ww + 1)) e ﬁ(kﬂ(.w)) ﬁ(kll(M))> T

= Z ?n(kﬂ(l)"“’ kﬂ(xn)) Tt ﬁru(kﬂ(w—l +1)reen kﬁ(w))

PePy

XO(kgay+ o F kg thuay) -

X (kg eyt o Kt Kuan) (40)
where r;=35,—5;_ (54=0).
The analysis of ref. 12, §4 and § 5, shows that the formula (38) holds

also for the random field v(x), with <{&(k,)---d(ky)> given by (40). We
thus obtain

<PW(A|,T|;A2, 123D

=Y (—m¥ YT Y (=1
N=0

n+n' =N ped, ¢ cd,

x 3 [dty o diyde, o dig i (k) T5(x)

PeXy

X 5065) 3x4) [ dp dx expl —ip - x/h ) B(p)

4
X eXp [1‘ Y (APx+ (ra/m)p)-xu] expl[ — (ih/2m) A, ]

X [k, dien 8k, + o+ Ky + K)o
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X 5(kﬁ(s,v_| + 1) + -+ kﬂ(sm + kmM))

X )‘;n(k/}[l)""’ kﬂ(m) ce )’Ar“(km.v,.,_ L4 1) k/x(.w))

N
x exp[ —(ih/2m) A ] exp i [ > (.\'+(tj/m)p)-kj—(h/2m)1f2:|

J=1

(41)

The variables k..., k4, are eliminated by means of the J-functions.
The obvious extension of this formula holds for (P A, T4, 0,0
and for the average of products of P,’s.

Remark. The derivation of (41) proceeds by introducing (ref. 12,
Definition 4.4) a cutoff random field

0o(x) =37 [ dy h(E = (x ~ y)) e ()

where 4 is a smooth nonnegative function of compact support with
{dx h(x)=1. Then

5;(1‘) = E(&k) J dy e‘il"_"e-()")'z/zv( y)
and

[ gk 5001 < [ ak 1h(3K)| [ dy =2 jo( )

= C(6/(2r))? f dy e =42 o p)|
Thus by Jensen’s inequality

(exo| ] 15300 |) < 8122 [ s expt " 3cexpl BC ot 1>

= (exp[ BC |v(0) ]

which is finite for all § by condition 2. Thus the condition (37} of
Section 3.2D holds and consequently (38) holds for v;. The limit § — 0 for
the integrals in (38) is controlled by Lemma 5.4 and Proposition 5.5 of
ref. 12. The limit § - 0 for {Pyld,,1,;4,,7,)) is controlled by showing
(ref. 12, Proposition 4.7) vs(x) y(x)— v(x) Y(x) in # for yeCy, with
probability 1, which implies (ref. 12, Theorem 4.6) strong convergence of
the unitary time evolutions with probability 1.
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Remark. In ref 12, §4.1, the essential self-adjointness of Hy+ Av(q)
on CJ was derived under the conditions ¢ |v(0)|*) < oo for some k >2 and
(exp[ —dv(0)])> <o for some §>0. In ref. 3, Corollary V.3.3, essential
self-adjointness is derived under the condition {|v(0)|*)> < oo for some
k > r(v), where v is the number of space dimensions and

2+4v/2 if v<3
r(vy=<4 if v=4
v if v=5

3.3. The Large-Space-Time, Weak-Coupling Limit

The individual terms of the perturbative expansion (41) of
{(Py(4,,1,;4d,, 1)) can be controlled in the limit A — 0 provided the ran-
dom field v(x) satisfies, in addition to the conditions in Section 3.2E, a
generalized cluster property formulated in terms of the partial Fourier
transforms of the truncated functions y,(y,,.., »,). A partial Fourier trans-
form 7, is a transform with respect to a subser of variables y, ,.., y,,:

J’dyaq"'dyalexp[_i(ku|'ya|+ +kul'yaq)]Yr(yl’"'s yr)

Let
Iyl =sup [I7,1,
where the supremum is over all partial Fourier transforms (ref 12,
Remark 1.9).
5. Generalized Cluster Property: The truncated correlation functions
v, satisfy

Iy, Il < oo

In order to control the sum of the perturbative terms, the random field
must be Gaussian.

6. Gaussian Property: Truncated correlation functions of order
greater than second order are zero:

y,=0 if r>1

A. An individual term in the perturbative expansion (41) has the
form

ANfdtl oty Filty o ty) (42)
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where

F(tyss 1y)

4
= (=i (=1 [ e, diey [T aK)

a=1

x [ dp dx exp[ —ip - x/h] ¥(p) ()

4
X exp I:i Y (A + (r,,/m)p)~xu]

X eXp [—ih/(Zm) A2

. .
2 Tav bKaKb] f dk g1y dK g any
ab=1

X Fr (K gryses Kpesn)) = Fra (K piapg oy 41350000 Kgisp)

xexpl —ih/(2m).# ] exp[ist)] (43)
The quadratic form # =X #, kg, kg, where the associated
matrix (also denoted .#) is

Ay =y« gy Flay v aury = Lary v gy — Lty v gy (44)
and, if 5, _, <I/<s;, we have defined a(/) = u( ).
The exponent .« is linear in kg y,..., kg v _ s, and is given by

N-M

4
o, = (p/m)- Z Ltpiny = tany] K gy — (B/m) Z Ka'|:Ta Z kg
1=1 a=1

A < jlay<all)

+A2 Y [tpny—tan) kg — A2 ) ta(l)kﬂll):l (45)

Hay < puh BUY< jlay < al)

An upper bound for & is given by

AT IR Rkl T2 T 108 [ 172 I 177 I 0 R P W B R R
(46)
where
max .# = sup |det . #'|

MH< M

the supremum of determinants of submatrices of .# (ref. 12, § 1, ref. 15, § 4).

Because the matrix .# is the same as the matrix considered in ref. 12,
§5 and § 6, we may take over the results obtained there. (See also refs. 15
and 19.)
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Any term in the perturbative expansion (41) which contains a truncated
Sfunction y, of order higher than second order tends to zero as A — 0.

We shall therefore consider those terms in (41) containing only two-
point truncated functions of the random field. The partition P associated
with such a terms has the form

P={p(1), (1)},... { B(N/2), a( N/2)} (47)

The partition thus defines a pairing of {I,.,N}. We say the pair
{ B(j), «(j)} 1is consecutive if ty;, t,, are consecutive. In other words,
referring to the variables ..., u,; 5y,.., 5, in (25), u; is consecutive with
u;,1, and s, is consecutive with s;,,. However, u, is not consecutive with
s,r, since A~ 2t, lies between them. A term in (41) will be called noncon-
secutive if it contains at least one nonconsecutive pair; otherwise it will be
called consecutive. Then (ref. 12, § 6.2; ref. 15):
Any nonconsecutive term in (41) tends to zero as . — 0.

B. We shall now consider a consecutive term in (41). It is convenient
to introduce the totally ordered time variables 0< T, <Ty_,< --- &T).
In terms of the variables u,,..., u,; $1,..., S,» In (25)

Tiv=s51, Ty=530, Tp=s5p, Tpii=tyy, Ty=u,

Then 0K Ty < - <T,p  SA7%, €T, < <T, €A %, and notice
that for a consecutive term both n and »' must be even. As the term is
consecutive, Ty,_, is paired with T,, /=1,.., N/2. Enumerate the pairs so
that {15, ty)} ={Ty_,, Ta). Set

c _{1 if tp=Ty_,
1= .
-1 if tp,=Ty
Then
Loy = tany =€/(Toy_y — Ty (48)
tan =Ty 1= (1 +&)/2ATy_,—Ty) (49)
Introduce the variables w;=AT,,_,, v,=Ty_,—Ts, I=1,., N/2, and

express .# of (44) and ., of (45) in terms of the variables v, w. To do so,
define

- _{1 if 3a such that B(/) < j(a) < a(l)
0 otherwise
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(See Fig. 1. This definition is equivalent to that in ref 12, §6.3.3, and
ref. 15, § 6.) Note that then (—1)"*" =(—1)°. Then, using (48) and
expression (44), we have

My= gy — Ly =€V,

My=a(l'ye(l)v, for I'>1

Hence
N/2
M= Z g0k g - {kﬂm"'z Y o k/fm} (50)
">
In terms of the variables v, w, the linear form ./, is given by
N/2 4
oty =(p/m)- Y, evkypy—(hfm) Y K, > (Ta—w)) kg
I=1 a=1 B flay<x(l)
4
— A (hjm) Y, K,,'{ Y ek gy + Y [(1+¢)/2] U/k/rm}
a=1 Jlay < By U< jla)y <a(D)
which converges to <4 as A — 0, where
N/2 4
o =(p/m)- Z Elvlkp(/)—(h/m) Z K, Z (Ta_'wl)kﬂ(l)
=1 a=1 BUY jla) <all)
N/2
=(p/m)- Z f"/v/k/i(/) —(Ky+K4)-(h/m) Z (t,—w)) Ulk/r(/)
=1 !
— (k) +K4) - (h/m) Z 1~ w) U/k/x(/) (51)

I>n'/2

Using the variables v, w, the expression (42) becomes

T2 W “'"’/: 1
J- dwl f de“'j dwn/Z J dwn/”+l

Tl T 7

WA A7y —wa)
xj dWN/zJ' dv, -
0 0

A wwp—11) A7 w2 41— W2 42) A" hwap
xJ. dv,,./2J ‘[ dvy, Fi(w, v) (52)
0 0 0

Since the upper bound (46) is integrable over the range 0 <v < oo (ref 12,
§ 1 and § 6.2), dominated convergence yields the limit

Wa'2 - | T
J aw, - j aw . J AWy
0

W2 < <
Xj dWN/zj dv, J. av y;, Fo(w, v) (53)
0 0 0

822/77/1-2-21
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where

Fo(w, 0) = (=12 (= 1)E [ dp 1§ p) 2
xfdkﬁ(l) ) "dkﬂ(N/Z))”‘l(kﬁu)) e fl(kp(N/z))

x”j, <(r,/m)p—(h/m) Z (Tl_Wl)Uzkm/))

I1>n'/2

!

X 1% <(Tz/m)p —(hfm) Y (1, —w)) a,kﬂ(,,)

=1

N/2
X eXp l:i(h/Zm) Y e,u,k,,(,,~{2p/h—km,,—2 Y a,,kﬁ(,-,}:l
I_

">

(54)

Summing over the ¢’s is equivalent to extending the v-integration range to
(— 0, @), and using'?

|7 dsexplith/am)sy)1 = (4mmih) o( )

the expression (53) becomes
(_4nm/h3)N(_1)Zerz dWl ...Jn dw",+l
T 0
WN | -
X[ dwy [ dp ()1 [k, dioy Ky -
(1]

x plky)n3, <(r|/m)p—(h/m) Y (ti—w) a,k;;u))
I>n
X ’7313((72/”7).0 —(h/m) Z (t—w)) Ulkml))
/

N
x 1 5<kf—2(17/ﬁ)‘k1+2 > O'I'kl'kl'> (55)
=1

I'>1

We have now denoted ky,, by k,, 7, by y, N/2 by N, n'/2 by n', and n/2
by n.'®

'* This is rigorously justified as in ref. 12, §6.3.4.
'6 Although » is not explicitly expressed in (55), recall that N =n + n'.
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3.4. Summing the Perturbation Series

In Section 3.3 the weak-coupling limit was taken term by term in
perturbation theory. The sum of the terms can be controlled if the random
field is Gaussian, which we henceforth assume. An individual term in the
perturbative expansion has the form (42), where #(1,,..,, 1) has the upper
bound (46). The form of the bound, involving max .#, is the same as that
considered in ref. 12, §6.3.2, leading to the same conclusion. For given
values 1, and n, in (41), there are 2"'2" configurations, and for each there
are (n,+n,—1)!! pairings. With reference to (25) and (46), the upper
bound of each term is

ra e I N T 2 R I R

S [ [ s J . dss Imax a1 (56)

A-r

where N =n, + n,. The bound (56) is increased if we replace the integral by
A7 St — Su' Uy
[" s, 'ds,,,j duy - | ‘du[max 41" (57)
0 0 o o

The properties of .# lead to a bound for (57) given by (ref. 12, § 1.3)
[CIEUA )Y/ (N/2)!
where C,, =2v(v—2)~". Hence (56) is bounded by
Clzy Iyl Coa/h*1¥2/(N/2)! (58)
where

C= i I3 12,02 11 Il

As there are N+ 1 choices for n;, n, with n, +n,=N, the terms of order
N are bounded by

2YN=DI(N+1D)C [z, Iyl C,n/h>1V2/(N/2)! (59)

Using (N — )t <2M*(N/2)!, we find that (59) is bounded by
C(N + 1)[ 1,8 |Iyll C,,2/h*]1™ Hence the sum over N of (59) converges for
1, < Ty, Where

1'0_I =8C,; Iyl /h? (60)

We recall that |lyl| =max{]iyl., 7]}
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The same methods yield convergence of the perturbation series for
(P4, Ty;4,, 1255 4,,T,)0, where 0 < 1, S, < €7, <T.

We extend this convergence, proved for y, y € 5 (Section 3.2C), to all
y € # by the uniform boundedness of the operators 7,,(2(7;)).

3.5. Large-Scale, Weak-Coupling Limit with Probability 1

A. In Section 3.4 we showed the convergence of {(P,(4,,1,; 4,, 1))
to the sum over n and n’ of (55) for 0<r,<7,<71,. The techniques
of ref 12, §8, can be used to extend this to the convergence of
Py,(4,,7,;4,5,1) to lim, (Py(4,,17,;4,,7,)> as L’ functions of
the random field, for 1 <p < oo. This is done by using |P,(4,, 7,; 43, 75|
<1 together with the L*convergence of P,(d4,,7,;4,,17,) to
lim; ., P,(4,,1,;d,,7,)>, which follows from

(Py(4,y, 115 4,,13)%) =< Py(4y, 1,545, 7,002 -0 (61)

B. The proof of (61) is shown term by term in perturbation
theory, by showing that any term in the perturbative expansion of
(P4,,1,;45, 1)) which does not factorize tends to zero as A—0.
The proof of this follows by the methods of ref 12, § 1 and §8, which
depend on properties of the matrix .#. The proof of (61) is now com-
pleted by showing convergence of the perturbative expansion for
{Py(4,,7,;4,,1,)*>. Indeed, as in ref. 12, §8.4.6, if the order of the per-
turbative terms for the two factors of P,(4,, 1,; 4,, 75) is ny, ny and ny, n3,
with N=n,+ n,+n,+n5, then the number of configurations is 2%, the
number of pairings is (N —1)!!, and the time integral of [max .#]"* is
bounded by

[(A7%0)a (A 21,) /bt C 7 (62)

for some a, b with a + b= N/2. Using [C“/a'][C*/b!]1 < (2C)***/(a + b)),
we obtain that (62) is bounded by

(22721, C,n) M2 H(N/2)!

Thus, since
Z (8CV/2 ")’” Tz/hZ)(nl+n:+n'|+nf_,)/2 < 0

nyLny, n', N

for 7,<1t,, the convergence of the series for (P,(4,,1,;4d,,7,)*) is
shown. In the same manner we conclude:

Pydy,ty;4;5,155.54d,,1,) convergence to lim,_ (P,(4,,1;
44,1555 4,,1,)> as L? functions of the random field, for 1 <p < 0.
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C. It is generally true that if f, converges to f as L? functions, then
there is a subsequence 1, — 0 such that f, converges to f with probability
1.!7 Consequently, there is a subset'® of random fields Q,<c Q of measure
1 and a sequence A, — 0, such that P (4, t,; 4,, t,) converges for fields
in Q2 to lim; . {Py(4d,, 1y; 4,1, 7;)). This extends to a countable set of 4’s
and 7’s with all 7;<7,. This also extends to a countable set of \’s, and
since S is separable, to all Y € H#.

3.6. The Classical Jump Process

For a Gaussian random field and 7,<7t,, the limit as 1, -0 of
P,(4,,1,; 4,, 1) 1s, with probability 1, given by the sum over n, n’ of (55).
This joint probability is in fact given by classical particle trajectories, where
the particle moves with constant velocity between random jumps in direc-
tion (the speed remaining constant).

The trajectory in phase space of a freely moving classical particle is
given by the straight lines (x(t), p(t))=(x+(t/m)p, p). Given an initial
probability distribution du(x, p) for the particle and a function f{x, p) on
phase space, the expectation value ( average value) of f(x(t), p(r)) at time
T is given by | du(x, p) f(x + (t/m)p, p). The function f(x + (r/m)p, p) =

T f)(x, p) is the conditional e)«pectatton of f(x(t), p(z)) given the initial
values (x(0) =x, p(0)=p). Of course in this case the motion is deter-
ministic and T? defines a one-parameter evolution group.

For a Markov process with stationary transition probabilities, the
conditional expectation determines a semigroup T, such that the con-
ditional expectation of f(x(z), p(t)), given the initial values (x(0)=x,

=p), is (T,f)(x, p). Given an initial probability distribution du(x, p),
the expectation value of f(x(t), p(1)) 1s

CAx(E), p(0)> = | dutx, PUT /) p) (63)

Furthermore, by the Markov property, the expectation value of
f( (7)), p(T))) fo(x(13), p(13)) with 0<1,<1,
is given by

j‘d}l) p n{fl r17r|f2)}(x’p) (64)

'7 It is only necessary to choose 4, so that ¥, || f;, — f 113 < co. Then 3, | f;, — f|* is finite with
probability 1, which implies f;, — f with probability 1.
'8 That is, fields v(x, @) with we Q2,.
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Write T, =exp[ —t.%], where ¥ is the generator of the semigroup.
Suppose & = %, + ¥, where .%, is the generator of the free evolution 77,
and suppose %, generates a pure jump process. That is, the particle
remains fixed at a point (x, p) of phase space until it jumps randomly to
another point (x’, p’) with some jumping rate. The process generated by %
is then described as a particle moving with constant velocity between
random jumps. As in Section 3.1, a perturbation expansion for 7', may be
developed:

o

T.= ) ( —l)NLr dw, LWI dw, - J(:'N_l dwy

N=0
X TﬁN ’Z T?\'N_1~N'N°g| T Tﬂq—w;"ZT(r)—uq

_ o« B ~ T , wy ' Wy | Y

—Ngo( 1) L dw,fo dwz-nj0 dwy
XZ(WN)Z(WN—n)"'g)l(WﬂT? (65)

where Z(w)=T2% T° . {With & given by (66), T, may be defined by
the perturbative expansion on all continuous functions on phase space. The
series converges for all values of 7, pointwise and uniformly on compact
subsets of phase space, since the series for (T, f)(x, p) depends only on
the values of f(x',p') for |p'|=|p| and |x'—Xx|<1|p|. Furthermore,
I ) x, P < T pl) sup, =y | S, P

Let %, generate a pure jump process in momentum space (the coor-
dinate x being unchanged), defined by

(ANxp)=Y (=1) (4nm/h?)

=01

x [ dic y(k) fx, p—ohk) 82 = (2/m)p k) (66)

(See ref. 12, § 6.3.4, ref. 15, § 6; and refs. 6 and 19.) Then Ak represents the
transferred momentum and the J-function ensures conservation of energy.
Then

(Lw) )x, p) =Y (—1)° (4nm/h?)

a

x j dle y(k) f(x + (w/m) ahk, p — ahk) 8(k* — (2/h) p - k)
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Similarly

[Lws) Z(wi)f1(x, p)

=T (=1)"*" (4am/h*)? J dke, dic, y(k,) (k)

X f(x+ (wy/m)oshk,+ (w,/m) o hk,, p—ohk,—a, hk,)
X 8(k3— (2/h)p -k3) 8(k 2= (2/h)p -k + 20,5k, - k)

It is also straightforward to show that
(DY [Llwp) - Liw) T, p) (67)

[note the presence of T? in (67)] is equal to

S (—4mm/p )Y (= 1) [l ey yky) - yiky)

T s an

N N
><f<-\‘+(r/m)p—(h/m Z t—w) ok, p— hzojk,)

= i=1

N
< 1 5<k,2—2(p/h)-k,+2 Y a,.k,.k,,) (68)
l=1

">

By comparing (68) with (55), it is seen that

lim P, (4,,7,; 4y, 72) = [ dp W(p)I> T {3 (o 03} (0, p) (69)

A—0

which is the expectation value {#,(x(7,))* 7,4, (x(73) )?> of the jump pro-
cess with inttial distribution 8(x} dx [ p)l2 dp. With the interpretation of
n?(x) discussed at the end of Section 1.2, we see that the joint distribution
of multiple-time position measurements is, in the limit A — 0, reproduced
by the classical jump process.

The convergence with probability 1, (69), may be expressed in the
form

Alimo (W, 1.4, (2(T)) 74 2(T2)) 7,4,(2(12)) 14 (2T )W)

= (b, Te {03 (T 310, 2)Y) (70)

Since (70) holds for all y e # it follows that, fo: all regions A; from a
countable set R and times t; from a countable set T, with probabxhty 1,

ryd_”(,’“Z(tjl)) ”AJ:("(Q(TJ?)) WA,:(Q(sz)) '74“(-9(7]‘))
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converges weakly to T, {r]fj”(T,p_,jlnf,“)}(O, P). This extends to any
miltiple-time position measurements with regions from & and times from 7 .

By shifting the particle by the macroscopic amount X,, a general
initial distribution A(X,) d(X,) can be constructed (Section 2.7).'° A similar
formula holds for general multiple-time position measurements.

The Boltzmann Equation. If the initial probability distribution is
du{x, p) =g(x, p)dx dp, then Eq. (63) takes the form

CSx(D), po))> = [ dx dpL T2 g1(x, p) f(x, p)

Hence the probability density at time 7 is
g=Ttg (71)

where T* is the Hilbert space adjoint in L*R'x R’,dxdp) of T,.
A straightforward calculation yields T?*=T° _ or £¥=—%. On the
other hand, ¥} =4, since %, is a positive operator. [See the discussion
of Eq. (74) below] Then g, satisfies the equation

argr(x’ P)= —(l/m)p-axg(x,p)+47rm/h"+'
x [dg v((p—qymig(x. ) —g(x. )1 8(g* =) (72)

[See Eq. (73) below.]
Equation (72) has the form of the linear Boltzmann equation for the
classical Lorentz gas given in ref. 20, eq. (2.28).

The Limit #—0. The limit of the generator %, (66), as h— 0
can be computed (ref 6, §7). We give a brief discussion, and drop the
variable x, as it plays no role. First, with ¢=p — hk,

(% /) p)=dmmk**" [ dg ((p— /M A(p) - f(@)] 8(g* = p*) (73)
Then, using y(—k) = y(k), we have
fdpg(p)(g’.f)(p)=2nm/h"“ Jdpqu W(p—g)h)
x[g(p)—g(@)1[f(p)—fg)]d(qg*—p*) (74)

19 The translation invariance of the random field is used here.

3 Cp(0) o(x)> = {e(x) v(0)D> = (D) v —x)).
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which, since y(k) >0, shows the positivity of the operator .%,. Going back
to the variable £,

[ dp gtp) 2 ()

=wm [ dic y(k) [ dpl g(p) ~g(p — W) VAL S(p) — f(p —hi))/

ho(p -k — hk?/2)
— mm [ dk y(k) [ dp k- Vg(p)k - Vf(p) (p k)

= [dp T A,y 0. 8(p) 35 (p)
o
where
Aoy (p) = [ di (k) ke 8(p - K)
Hence lim,, ., , & = &', where
y,.f= _Zau(Aaﬂ a/}f)
aff

Hence in the limit A — 0 the linear Boltzmann equation (72) goes over to
the linear Landau equation [ref. 20, Eq. (2.19)]:

0. 8dx, p)=—(1/m)p-0, g(x, p)+ )0, [ Aslp) 8,,8(x, p)]
B

If the random potential is isotropic, so y(k)=TI(|k|), then

Aup(P)=(8as—popp|pl ") ¢/l pl

where c=n j d¢ £3(¢) (for v=13). These coefficients A.4(p) have the form
given in ref. 20, Eq. (2.20).

3.7. Many Particles

The weak convergence with probability 1 obtained in Section 3.6
immediately extends to any finite number N of particles, using the fact
that if, for j=1,., N, A;(1) converges weakly to A, in #, then
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A(A® --- ® Ay(A) converges weakly to 4, ®@ --- ®4,iIn #® - @H.
Thus the joint distribution of multiple-time position measurements on N
particles is given, in the large-space-time, weak-coupling limit, by the joint
multiple-time position distribution of N classical particles performing
independent equivalent jump processes, with initial distribution

XD, XYY (p D,y p2dXD - dX V) dp) . dp™

(We have included a macroscopic displacement of the particles as in
Section 2.7. Otherwise, all particles start at x=0.)

If the quantum particles are initially uncorrelated, the wavefunction
Y=y"® --- @y, and h factorizes. It follows that in the large-
space-time, weak-coupling limit, the classical particle trajectories will be
uncorrelated.

The discussion of Bose and Fermi statistics leads to the same conclu-
sion as in Section 2.7, but the argument is different since we have weak
convergence and not strong convergence in the limit 1 — 0. We need to
consider (52), where in the formula (43) for #(¢,,..,, t5) we include a factor
exp[iA 72X, - p]. The upper bound (46) is unchanged, and hence dominated
convergence again implies (53), where, however, now Zy(w, v)=0. This
follows from the fact that, in the formula (43) for #(¢,,.., ty),

[ dp ¥(p) expli2=2X, - p] expl —ip - x/h]

4 NeM
X exp [i(P/"T)'{Z T K+ Z Leguy = tanr] kﬂ(/)}]—‘o
-1

a=1 1

as A— 0 by the Riemann-Lebesgue lemma. (A dominated convergence
argument completes the proof.)

4. MACROSCOPIC LOCALIZATION OF RELATIVISTIC
PARTICLES

The previous sections have dealt with the large-space-time description
of non-relativistic quantum particles. The same procedure applies to free
relativistic particles with Hamiltonian H = (2%c? 4+ m*c*)'”? and indeed to a
general dependence of energy &(p) on momentum p. Some difficulties in
defining localization for relativistic particles (25, 18) are removed by con-
sidering the large-space-time limit. (See also ref 22.) On a macroscopic
scale, particle trajectories will be obtained which have the form X(z)=
X, + v(p), where v(p) is the group velocity

v(p)=V, &l p)
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In the relativistic case v(p) = p/(m*+ p*/c*)'. Since |v(p)| < ¢, the velocity
operator ¥(#) is bounded.

The wavefunctions of the particle will be given as square-integrable
functions of momentum and the Hilbert space will be represented as
# = L*(P? d’p). (Spin degrees of freedom are ignored, as they play no
role in the present analysis.) The momentum operator 2 is multiplication
by p and the position operator is ¢ = ihd,. This position operator does not
transform in a Lorentz-covariant manner, but in the macroscopic limit
Lorentz-covariant trajectories are obtained. An interpretation of this is that
an apparatus to measure “microscopic position” has a complicated descrip-
tion with respect to a- moving observer, but on a macroscopic scale a
covariant transformation law is obtained.

The wusual commutation relations hold between ¢ and 2,
[9.. %] =ihd,;, and

explia-q] exp[ib- 2] exp[ —ia-q] =exp[ —iha-b] exp[ib- 2]
Thus
explia-q] exp[ —i(t/h) e(P)] exp[ —ia-q] =exp[ —i(t/h)e(P — ha)]
Consequently,

explia-q(t)] =exp[i(t/h) e(#)] explia - q] exp[ —i(t/h) &(#)]
=expli(t/h){e(P) — (P — ha)} ] exp[ia-q]

= exp [i(t/h)a . Jm ds v(g’—sa)] explia-q]
0

It follows on taking the limit @ — 0 that on the domain of g,
q(ty=q+ tv(2P)

The development now parallels the preceding discussion of nonrelativistic
particles. The wavefunction of the particle may be given a macro-
scopic space-time displacement A~%(X,, 7,) using the unitary operator
exp[(i/h) A7ty H— X,-2)] and this displacement may be shifted to the
position observable:

g(t) = A3 X+ g+ (1= 27%1,) o(P)

Now introduce the macroscopic time r= A%t and the macroscopic position
operator 2 = A%q. Then

At)=22q(A7 ) =22+ Xy + (T — 1) (P)
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In the limit A — 0, 2(t) converges strongly on the domain of ¢ to the
bounded operator X{z):

2t) - X(1)=Xo+ (t — 1) 0(P) as A-0

and hence for any bounded function F which is continuous except on a set
of Lebesgue measure 0,

F(2(1)) —» A X+ (t—19)(P)) as A—-0

The joint distribution for multiple-time position measurements will then be
given by the trajectories X(t) =X, + (t —7,) v(p) with probability density
¥ (p)I>.

Remark. The Lorentz covariance of the macroscopic position
operator may be shown as follows. The wavefunction with the space-time
displacement 1~%(1,, X,) is

Vo, 300 = EXPL(i/R) A~ (10, Xo) - (H, *P)] ¥

where the Minkowski scalar product is
(Ao, 4) - (Bo, B)y=AoBy—c™?4-B

and (H, ¢2#) transforms as a four-vector:
U(A)~' (H, 2P) U(A)= A(H, *P)

The Lorentz transformation A applied to ¥ ., x,, is

UA) ¥ oy, 0 = €xPLUiIR) 27 2(10, Xo) - AN (H, 22)] U(A) Y

= exp[ (i/h) 1™ *(y, Xo) - (H, *P)] U(A)Y

where (1y, X) = A(74, X,). Now transferring the displacement A~(15, X})
to the observables gives

Aty= g+ (t—14) o(P)+ X}
and now transferring the Lorentz transformation to the observables gives
)= 22U(A) " 'qUA) + (z — 1) o(2") + X,

where 2’ is the Lorentz-transformed momentum. In the limit 1 - 0, 2(7)
converges to

X+ (1= o) o(P)

which just corresponds to the Lorentz-transformed trajectories.
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